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Abstract
Let Gn be a graph obtained by the strong product of P2 and Cn, where n > 3. In this
paper, explicit expressions for the Kirchhoff index, multiplicative degree-Kirchhoff index and
number of spanning trees of Gn are determined, respectively. It is surprising to find that the
Kirchhoff (resp. multiplicative degree-Kirchhoff) index of Gn is almost one-sixth of its Wiener
(resp. Gutman) index. Moreover, let Grn be the set of subgraphs obtained from Gn by deleting
any r vertical edges of Gn, where 0 6 r 6 n. Explicit formulas for the Kirchhoff index and
the number of spanning trees for any graph Grn ∈ Grn are completely established, respectively.
Finally, it is interesting to see that the Kirchhoff index of Grn is almost one-sixth of its Wiener
index.
1 Introduction
Let G be a simple connected graph with vertex set V (G) and edge set E(G). Then |V (G)| and
|E(G)| are called the order and the size of G, respectively. For a simple graph G of order n, its
adjacent matrix A(G) = (aij)n×n is a (0, 1)-matrix with aij = 1 if and only if two vertices i and
j are adjacent in G, and the matrix D(G) := diag(d1, d2, . . . , dn) is called the diagonal matrix of
vertex degrees, where di is the degree of vertex i in G for 1 6 i 6 n. Then the Laplacian matrix
of G is defined as L(G) = D(G)−A(G), whereas the normalized Laplacian matrix of G is defined
to be L(G) = D(G)− 12L(G)D(G)− 12 . It should be stressed that (di)−
1
2 = 0 for di = 0 [6]. Hence,
we have
(L(G))ij =

1, if i = j;
− 1√
didj
, if i 6= j and vi ∼ vj ;
0, otherwise.
Let dij denote the distance between two vertices i and j in G. The Wiener index of G,
introduced in [32], is defined as W (G) =
∑
i<j dij . Later, Gutman [11] gave a weighted version of
the Wiener index which is defined as Gut(G) =
∑
i<j didjdij and now known as Gutman index.
If G is an n-vertex tree, Gutman [11] proved that Gut(G) = 4W (G)− (2n− 1)(n− 1).
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In 1993, Klein and Randic´ [18] proposed the concept of resistance distance by considering the
electronic network. The resistance distance rij is the effective resistance between two vertices i
and j after every edge of a graph G was putted one unit resistor. This parameter is intrinsic to
both graph theory and mathematical chemistry. Similar to the definition of the Wiener index,
Klein and Randic´ [18] defined Kf(G) :=
∑
i<j rij to be the Kirchhoff index of G. They also found
that Kf(G) 6W (G) with equality if and only if G is a tree. For a connected graph G of order n,
Klein [16] and Lova´sz [23], independently, obtained that
Kf(G) = n
n∑
i=2
1
ρi
,
where 0 = ρ1 < ρ2 6 · · · 6 ρn (n > 2) are the eigenvalues of L(G).
In 2007, Chen and Zhang [5] proposed a weighted version of the Kirchhoff index, which is
defined as Kf∗(G) =
∑
i<j didjrij . This index is now known as multiplicative degree-Kirchhoff
index. Another weighted form of Kirchhoff index is the addictive degree-Kirchhoff index [10].
Multiplicative degree-Kirchhoff index is closely related to the spectrum of the normalized Lapla-
cian matrix L(G). For a connected graph G of order n and size m, Chen and Zhang [5] showed
that
Kf∗(G) = 2m
n∑
i=2
1
λi
,
where 0 = λ1 < λ2 6 · · · 6 λn (n > 2) are the eigenvalues of L(G).
Some techniques to determine the Kirchhoff index and multiplicative degree-Kirchhoff index
were given in [2, 3, 7, 8, 25]. Some other topics on the Kirchhoff index and the multiplicative
degree-Kirchhoff index of a graph may be referred to [26, 30, 34, 36, 37] and references therein. In
the last decades, many researchers are devoted to give closed formulas for the Kirchhoff index and
the multiplicative degree-Kirchhoff index of graphs with special structures, such as cycles [17],
ladder graphs [9], ladder-like chains [4, 21], liner phenylenes [19, 29, 38], linear polyomino chains
[15, 33], linear pentagonal chains [12, 31], linear hexagonal chains [14, 20, 33], linear octagonal-
quadrilateral networks [22], linear crossed chains [27, 28], and composite graphs [36],.
Given two graphs G and H, the strong product of G and H, denoted by GH, is the graph with
vertex set V (G) × V (H), where two distinct vertices (u1, v1) and (u2, v2) are adjacent whenever
u1 and u2 are equal or adjacent in G, and v1 and v2 are equal or adjacent in H. Pan and Li [28]
determined the Kirchhoff index, multiplicative degree-Kirchhoff index and number of spanning
trees of graph P2  Pn.
Motivated by [28], we consider the graph P2Cn, where n > 3. Let Gn = P2Cn, where the
graph Gn is depicted in Figure 1. Obviously, |V (Gn)| = 2n and |E(Gn)| = 5n. Let E′ be the set
of vertical edges of Gn, where E
′ = {ii′ : i = 1, 2, . . . , n}. Let Grn be the set of subgraphs obtained
from Gn by deleting r vertical edges of Gn, where 0 6 r 6 n. It is easy to obtain that G0n = {Gn}.
In this paper, explicit expressions for the Kirchhoff index, the multiplicative degree-Kirchhoff
index and the number of spanning trees of Gn are determined, respectively. It is nice to find that
the Kirchhoff (resp. multiplicative degree-Kirchhoff) index of Gn is almost one-sixth of its Wiener
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Figure 1: Graph Gn with some labelled vertices.
(resp. Gutman) index. Additionally, for any graph Grn ∈ Grn, its Kirchhoff index and number of
spanning trees are completely determined, respectively. Moreover, the Kirchhoff index of Grn is
shown to be almost one-sixth of its Wiener index.
2 Preliminaries
For convenience, let V1 = {1, 2, . . . , n} and V2 = {1′, 2′, . . . , n′}. Then L(Gn) and L(Gn) can
be written as below:
L(Gn) =
(
L11 L12
L21 L22
)
, L(Gn) =
( L11 L12
L21 L22
)
,
where Lij (resp. Lij) denotes the submatrix whose rows correspond to vertices in Vi and columns
correspond to vertices in Vj . By the construction of Gn, one can easily verify that L11 = L22,
L12 = L21, L11 = L22 and L12 = L21. Let
T =
(
1√
2
In
1√
2
In
1√
2
In − 1√2In
)
.
Then
TL(Gn)T =
(
LA 0
0 LS
)
, TL(Gn)T =
( LA 0
0 LS
)
,
where LA = L11 + L12, LS = L11 − L12, LA = L11 + L12 and LS = L11 − L12.
Let Φ(B) := det(xI − B) be the characteristic polynomial of a square matrix B, where I is
an unit matrix with the same order as that of B. Similar to the decomposition theorem obtained
in [13, 27], we can obtain the decomposition theorem of Gn as below. Here, we omit the proof.
Lemma 2.1. Let LA, LS, LA and LS be defined as above. Then
Φ(L(Gn)) = Φ(LA) · Φ(LS), Φ(L(Gn)) = Φ(LA) · Φ(LS).
Lemma 2.2. [18] Let G be an n-vertex connected graph. Then Kf(G) = n
∑n
i=2
1
ρi
.
3
Lemma 2.3. [5] Let G be an n-vertex connected graph with m edges. Then Kf∗(G) = 2m
∑n
i=2
1
λi
.
Lemma 2.4. [6] Let G be an n-vertex connected graph. Then τ(G) = 1n
∏n
i=2 ρi, where τ(G) is
the number of spanning trees of G.
3 Resistance distance-based graph invariants and number of span-
ning trees of Gn
In this section, we will determine the Kirchhoff index, multiplicative degree-Kirchhoff index
and number of spanning trees of Gn. The Laplacian matrix L(Cn) of Cn is very important in this
section. It was proved in [1] that the eigenvalues of L(Cn) are 4 sin
2(piin ), where i = 1, 2, . . . , n. In
the rest of this paper, let αi := 4 sin
2(piin ). Then αn = 0 and αi > 0 for i = 1, 2, . . . , n− 1.
3.1 Kirchhoff index and number of spanning trees of Gn
In this subsection, we will give the explicit formulas for the Kirchhoff index and number of
spanning trees of Gn. Moreover, we will prove that the Kirchhoff index of Gn is almost one-sixth
of its Wiener index. First, one can see that
L11 =

5 −1 0 0 . . . 0 −1
−1 5 −1 0 . . . 0 0
0 −1 5 −1 . . . 0 0
0 0 −1 5 . . . 0 0
...
...
...
...
. . .
...
...
0 0 0 0 . . . 5 −1
−1 0 0 0 . . . −1 5

n×n
and
L12 =

−1 −1 0 0 . . . 0 −1
−1 −1 −1 0 . . . 0 0
0 −1 −1 −1 . . . 0 0
0 0 −1 −1 . . . 0 0
...
...
...
...
. . .
...
...
0 0 0 0 . . . −1 −1
−1 0 0 0 . . . −1 −1

n×n
.
Since LA = L11 + L12 and LS = L11 − L12, then
LA =

4 −2 0 0 . . . 0 −2
−2 4 −2 0 . . . 0 0
0 −2 4 −2 . . . 0 0
0 0 −2 4 . . . 0 0
...
...
...
...
. . .
...
...
0 0 0 0 . . . 4 −2
−2 0 0 0 . . . −2 4

n×n
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and
LS =

6 0 0 0 . . . 0 0
0 6 0 0 . . . 0 0
0 0 6 0 . . . 0 0
0 0 0 6 . . . 0 0
...
...
...
...
. . .
...
...
0 0 0 0 . . . 6 0
0 0 0 0 . . . 0 6

n×n
.
Note that LA = 2L(Cn) and LS is a diagonal matrix. By Lemma 2.1, 2α1, 2α2, . . . , 2αn, 6, 6, . . . , 6
are all the eigenvalues of L(Gn), i.e. 0, 2α1, 2α2, . . . , 2αn−1, 6, 6, . . . , 6 are all the eigenvalues of
L(Gn). Then we can get the following theorem.
Theorem 3.1. For n ≥ 3, let Gn = P2  Cn. Then
(1) Kf(Gn) =
n3+4n2−n
12 .
(2) τ(Gn) = n · 22n−2 · 3n.
(3) limn→∞
Kf(Gn)
W (Gn)
= 16 .
Proof. (1) Note that |V (Gn)| = 2n and Kf(Cn) = n3−n12 (see [35]). By Lemma 2.2, we have
Kf(Gn) = 2n
( n−1∑
i=1
1
2αi
+
n
6
)
= n
n−1∑
i=1
1
αi
+
n2
3
= Kf(Cn) +
n2
3
=
n3 + 4n2 − n
12
.
(2) It follows from Lemma 2.4 that
τ(Gn) =
1
2n
n−1∏
i=1
(2αi) · 6n
= 2n−2 · 6n · 1
n
n−1∏
i=1
αi
= 2n−2 · 6n · τ(Cn)
= n · 22n−2 · 3n.
(3) We now calculate the value of W (Gn). If n is odd, for each vertex i in Gn, we have
f(i, n) = 1 + 4
n−1
2∑
k=1
k =
n2 + 1
2
.
Then
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Table 1: Kirchhoff index and number of spanning trees of graphs from G3 to G11.
G Kf(G) τ(G) G Kf(G) τ(G) G Kf(G) τ(G)
G3 5.00 1296 G6 29.50 4478976 G9 87.00 11609505792
G4 10.33 20736 G7 44.33 62705664 G10 115.83 154793410560
G5 18.33 311040 G8 63.33 859963392 G11 150.33 2043273019392
W (Gn) =
2
∑n
i=1 f(i, n)
2
=
n∑
i=1
f(i, n) =
n3 + n
2
.
If n is even, for each vertex i in Gn, we have
f(i, n) = 1 + 4
n−2
2∑
k=1
k + 2 · n
2
=
n2 + 2
2
.
Then
W (Gn) =
2
∑n
i=1 f(i, n)
2
=
n∑
i=1
f(i, n) =
n3 + 2n
2
.
Note that Kf(Gn) =
n3+4n2−n
12 . Hence, we have limn→∞
Kf(Gn)
W (Gn)
= 16 as desired.
Kirchhoff index and number of spanning trees of graphs from G3 to G11 are listed in Table 1,
respectively.
3.2 Multiplicative degree-Kirchhoff index of Gn
In this subsection, we will determine the multiplicative degree-Kirchhoff index of Gn and show
that the multiplicative degree-Kirchhoff index of Gn is almost one-sixth of its Gutman index. Note
that
L11 =

1 −15 0 0 . . . 0 −15
−15 1 −15 0 . . . 0 0
0 −15 1 −15 . . . 0 0
0 0 −15 1 . . . 0 0
...
...
...
...
. . .
...
...
0 0 0 0 . . . 1 −15
−15 0 0 0 . . . −15 1

n×n
and
L12 =

−15 −15 0 0 . . . 0 −15
−15 −15 −15 0 . . . 0 0
0 −15 −15 −15 . . . 0 0
0 0 −15 −15 . . . 0 0
...
...
...
...
. . .
...
...
0 0 0 0 . . . −15 −15
−15 0 0 0 . . . −15 −15

n×n
.
Since LA = L11 + L12 and LS = L11 − L12, then we have
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Table 2: Multiplicative degree-Kirchhoff index of graphs from G3 to G15.
G Kf∗(G) G Kf∗(G) G Kf∗(G) G Kf∗(G)
G3 125.00 G6 737.50 G9 2175.00 G13 5958.33
G4 258.33 G7 1108.33 G10 2895.33 G14 7320.83
G5 458.33 G8 1583.33 G11 3758.33 G15 8875.00
LA =

4
5 −25 0 0 . . . 0 −25
−25 45 −25 0 . . . 0 0
0 −25 45 −25 . . . 0 0
0 0 −25 45 . . . 0 0
...
...
...
...
. . .
...
...
0 0 0 0 . . . 45 −25
−25 0 0 0 . . . −25 45

n×n
and
LS =

6
5 0 0 0 . . . 0 0
0 65 0 0 . . . 0 0
0 0 65 0 . . . 0 0
0 0 0 65 . . . 0 0
...
...
...
...
. . .
...
...
0 0 0 0 . . . 65 0
0 0 0 0 . . . 0 65

n×n
.
Note that LA = 25L(Cn) and LS is a diagonal matrix. By Lemma 2.1, 25α1, 25α2, . . . , 25αn, 65 , 65 , . . . , 65
are all the eigenvalues of L(Gn), i.e. 0, 25α1, 25α2, . . . , 25αn−1, 65 , 65 , . . . , 65 are all the eigenvalues of
L(Gn). Then we can get the following theorem.
Theorem 3.2. For n ≥ 3, let Gn = P2  Cn. Then
(1) Kf∗(Gn) = 25n
3+100n2−25n
12 .
(2) limn→∞
Kf∗(Gn)
Gut(Gn)
= 16 .
Proof. (1) Since |E(Gn)| = 5n and Kf(Cn) = n3−n12 , by Lemma 2.3, we have
Kf∗(Gn) = 10n
( n−1∑
i=1
5
2αi
+
5n
6
)
= 25n
n−1∑
i=1
1
αi
+
25n2
3
= 25Kf(Cn) +
25n2
3
=
25n3 + 100n2 − 25n
12
.
(2) It is easy to calculate that Gut(Gn) = 25W (Gn) since Gn is regular. Note that Kf
∗(Gn) =
25n3+100n2−25n
12 . Together with Theorem 3.1, we have limn→∞
Kf∗(Gn)
Gut(Gn)
= 16 as desired.
Multiplicative degree-Kirchhoff index of graphs from G3 to G15 are listed in Table 2.
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4 Kirchhoff index and number of spanning trees of Grn
In this section, we will determine the Kirchhoff index and number of spanning trees for any
graph Grn ∈ Grn. Moreover, we will show that the Kirchhoff index of Grn is nearly one-sixth of its
Wiener index.
Similar to Lemma 2.1, we can obtain that the spectrum of L(Grn) consists of the eigenvalues
of both LA(G
r
n) and LS(G
r
n). Let di be the degree of vertex i in G
r
n. Then di = 4 or di = 5 in
Grn. It is routine to check that
L11(G
r
n) =

d1 −1 0 0 . . . 0 −1
−1 d2 −1 0 . . . 0 0
0 −1 d3 −1 . . . 0 0
0 0 −1 d4 . . . 0 0
...
...
...
...
. . .
...
...
0 0 0 0 . . . dn−1 −1
−1 0 0 0 . . . −1 dn

n×n
and
L12(G
r
n) =

t1 −1 0 0 . . . 0 −1
−1 t2 −1 0 . . . 0 0
0 −1 t3 −1 . . . 0 0
0 0 −1 t4 . . . 0 0
...
...
...
...
. . .
...
...
0 0 0 0 . . . tn−1 −1
−1 0 0 0 . . . −1 tn

n×n
.
where ti = 0 if di = 4 and ti = −1 if di = 5. Then for any graph Grn ∈ Grn, di + ti = 4 holds for
all 1 6 i 6 n. Since LA(Grn) = L11(Grn) + L12(Grn) and LS(Grn) = L11(Grn)− L12(Grn), then
LA(G
r
n) =

4 −2 0 0 . . . 0 −2
−2 4 −2 0 . . . 0 0
0 −2 4 −2 . . . 0 0
0 0 −2 4 . . . 0 0
...
...
...
...
. . .
...
...
0 0 0 0 . . . 4 −2
−2 0 0 0 . . . −2 4

n×n
and
LS(G
r
n) =

s1 0 0 0 . . . 0 0
0 s2 0 0 . . . 0 0
0 0 s3 0 . . . 0 0
0 0 0 s4 . . . 0 0
...
...
...
...
. . .
...
...
0 0 0 0 . . . sn−1 0
0 0 0 0 . . . 0 sn

n×n
.
where si = 4 if di = 4 and si = 6 if di = 5.
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Note that LA(G
r
n) = 2L(Cn) and LS is a diagonal matrix. Then, 2α1, 2α2, . . . , 2αn, s1, s2, . . . , sn
are all the eigenvalues of L(Grn), i.e. 0, 2α1, 2α2, . . . , 2αn−1, s1, s2, . . . , sn are all the eigenvalues of
L(Grn). Next, we can get the following theorem.
Theorem 4.1. For any graph Grn ∈ Grn with n > 3, we have
(1) Kf(Grn) =
n3+4n2+(2r−1)n
12 .
(2) τ(Grn) = n · 22n+r−2 · 3n−r.
(3) limn→∞
Kf(Grn)
W (Grn)
= 16 .
Proof. For any graph Grn ∈ Grn with n ≥ 3, without loss of generality, assume that s1 = s2 = · · · =
sr = 4 and sr+1 = sr+2 = · · · = sn = 6.
(1) Note that |V (Grn)| = 2n and Kf(Cn) = n
3−n
12 . By Lemma 2.2, we have
Kf(Grn) = 2n
( n−1∑
i=1
1
2αi
+
n− r
6
+
r
4
)
= n
n−1∑
i=1
1
αi
+
n(n− r)
3
+
nr
2
= Kf(Cn) +
2n2 + nr
6
=
n3 + 4n2 + (2r − 1)n
12
.
(2) By Lemma 2.4, we obtain
τ(Grn) =
1
2n
n−1∏
i=1
(2αi) · 4r · 6n−r
= 22n+r−2 · 3n−r · 1
n
n−1∏
i=1
αi
= 22n+r−2 · 3n−r · τ(Cn)
= n · 22n+r−2 · 3n−r.
(3) It is easy to calculate that W (Grn) = W (Gn) + r. Since Kf(G
r
n) =
n3+4n2+(2r−1)n
12 , thus
we have limn→∞
Kf(Grn)
W (Grn)
= 16 .
Remark 1. If r = 0, then G0n = {Gn}. One can see that Theorem 3.1 is a corollary of Theorem
4.1.
5 Concluding remarks
In this paper, we first establish the explicit expressions for the Kirchhoff index, multiplicative
degree-Kirchhoff index and number of spanning trees of Gn, where Gn = P2  Cn and n > 3.
We find that the Kirchhoff (resp. multiplicative degree-Kirchhoff) index is almost one-sixth of
its Wiener (resp. Gutman) index. Later, we construct a family of graphs obtained from Gn
9
by deleting any r vertical edges of Gn, and show that the Kirchhoff indices of these graphs are
almost one-sixth of their Gutman indices. It would be interesting to determine their multiplicative
degree-Kirchhoff indices and Gutman indices. We will do it in the near future.
Motivated by the construction P2  Pn in [28] and P2  Cn in this paper, we propose the
following question for further study:
Question 5.1. For a simple connected graph G, how can we determine the Laplacian spectrum
and normalized Laplacian specteum of the graph P2 G?
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